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Abstract. We answer a question of Alex Koldobsky. We show that 
for each — oo < p < 2 and each n > 3 — p there is a normed space X of 
dimension n which embeds in Ls if and only if —n < s < p. 
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1. Introduction 

Let II • II be a norm on M". It is well-known that if p > and not an 
even integer then X = (M", || • ||) embeds isometrically into Lp if and only 
r(— p/2)|| • \\P is a positive definite distribution (see p[Dj Theorem 6.10). 
In [8] this idea was extended to the case when p < 0. Let 5(1^") denote 
the Schwartz class of the rapidly decreasing functions on M". If p < and 
n + p > then the function \\x\\^ is locally integrable and we say that X 
embeds (isometrically) into Lp if the distribution || • ||p is positive definite, 
i.e. for every non- negative even test function (j) E 5(M"), 



|p\A 



> 0. 



This can be expressed in the following form: We say that X = (M", || • ||) 
embeds into Lp, where p < < p + n, ii there exists a finite Borel measure 
fi on S^~^ so that for every even test function (/) G 5(M") 

(1.1) / \\x\\P(l){x)dx= [ (I t-P-^^{tC)dt)dn{C). 

Later in [3] the appropriate definition for p = was explored: a normed 
space X embeds into Lq if and only — ln||2;|| is positive definite outside of 
the origin of M". 

Part of the motivation for this definition is its connection to intersection 
bodies. The class of intersection bodies was defined by Lutwak [12] and 
played an important role to the solution of the Busemann-Petty problem. 
Let K and L two origin symmetric star bodies in M". We say that K is the 
intersection body of L if the radius of K in every direction is equal to the 
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volume of the central hyperplane section of L perpendicular to this direction, 
i.e. for every ^ G S^~^, 

11^11^^ = Voi„„i(Ln^^), 

where \\x\\k = min{a > : x G aK}, is the Minkowski functional of K. 
Note that if K is convex then || • \\k is a norm. The class of intersection 
bodies is defined as the closure, in the radial metric, of the set of intersection 
bodies of all star bodies. This class was extended in |7| and [9j, to the class 
of ^-intersection bodies, where /c E N. Koldobsky in [9] showed that X 
embeds into L^k if and only if its unit ball is a ^-intersection body. For 
more on /c-intersection bodies see [10], (Chapters 4 and 6) or [llj . (Chapters 
6 and 7). 

If n > —p, we denote by Ip{n) the collection of the finite-dimensional 
Banach spaces X of dimension n which embed into Lp where — oo < p < oo; 
we will adopt the convention that Ip{n) = Bn, the collection of all spaces of 
dimension n when n < —p. It was shown by Koldobsky [8j that if p < 3 — n 
then Ip{n) = Bn- Let Ip = Unenlpin). A classical result of Bretagnolle, 
Dacunha-Castelle and Krivine [T] shows that if0<p<q<2 then Iq C Ip. 
Combining results of [4j and ^ gives that Iq C Ip where q G [0,2] and 
p < q.lt is, however, an open problem whether the same is true when q < 0. 
E.Milman [13] showed that if m G N and p < then Ip C Imp- 

A second problem in this area is to establish whether the classes Ip{n) 
for — oo < p < 1 are really distinct (see for example [11] p. 99). In this 
article we give a complete answer to this question. Previously only some 
partial results have been established. For the case < p < 1, it is shown 
in [2] that if0<p<s<l then Ip ^ Ig- However the methods of [2] 
are infinite-dimensional and only show that for given ^ < p < q < 1 we 
have Ip{n) / Iqin) for some n = n(p, q). It was noted in [4J that the space 
M ©2 ^1 belongs to Iq for all n but for each p > there is an n G N so that 
ffi ©2 -^1 ^Ip- In the case where p, g < it is clear that ifp<3 — n<g then 
Iq{n) is strictly contained in Ip{n) = Bn- In fact ^ ^q{'^) if 2 < s < oo 
(see [10] Theorem 4.13 or [6j). For other values of n, there are some recent 
partial results. In |15j it was shown that X__4(n) \X_2(n) 7^ for all n > 7 
(and hence for n > 5) and that X_x/3(n) \X_x/g(n) 7^ for all n > 4. More 
recently Yaskin [16] showed that if / < A: are integers and k > 2> — n then 
Ii{n)\Ik{n)^%. 

Our main example is that \i X = (.^ ©^ where 1 < g < r < 2 and n > 2 
then X G Ip \i and only \i p < q — m. Thus it follows immediately that if 
p G (3 — n, 0) there exists a normed space X so that X G Ip{n) but for every 
q > p X ^ Iq{n). Note that even in the case when < p < 1 this improves 
considerably the results in [2] and the examples are much more natural. 

To obtain these results we prove a general result on absolute direct sums of 
normed spaces. Let X and Y denote two finite-dimensional Banach spaces. 
Let be any absolute norm on M^, ie. N{x,y) = A^(|x|, \y\), satisfying the 
normalization property A^(1,0) = A^(0, 1) = 1. We consider the absolute 
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A^-direct sum of X and y, denoted X (BnY that is defined as the space of 
pairs {(x, y), X G X, y G Y} equipped with the norm N. 

||(x,y)|| =iV(||x|U,||y||y), xGX, y ey. 

In the special case where N{x,y) = (x'' + we write X®nY = X®rY- 

We examine the situation when X ®n Y ^ Xp. There is an ear her resuh 

of Koldobsky of this type; see |10) . Theorem 4.21 or [5j. Koldobsky shows 

that ifp<0<2<g and X®qY eXp with dim y > 1 then dim X <2-p. 

In fact this results hold under the more general hypothesis if p < 2 < g. 
A typical result we prove is that if r < 2 and X y G Xp where p < 2 

then X G Xq as long asp<q<m + p where m = dim Y. We consider a 

more general absolute norm N and use functional analytic and probabilistic 

methods as well as the theory of Gaussian processes, rather than the usual 

distributional approach from |10) or |llj . 

The remainder of the paper is devoted to showing that the examples 

X = i'2' (Br where 1 < g < r < 2 and n > 2 belong to Xp \i p < q — m. 

This requires a probabilistic approach using stable random variables. 



2. Gaussian embeddings 

Throughout this paper, (il,^) will be a Polish space with a o"— finite 
Borel measure and A^(il,//) will be the space of all real- valued measurable 
functions on Vt. In the special case when ^{Vt) = 1 we say that is a 
probability measure and the members of are then called random 

variables. Let X be a finite dimensional normed space and suppose T : X — )■ 
A^(0,/x) is a linear map. Suppose < p < 00. We shall say that T is a 
c-standard embedding of X into Lp{Q,fi), where c > 0, if 

||xf = \Tx\Pdn, x£X. 

Let (il',IP) be some probability space. A measurable map ^ : il' — t- X is 
called an X-valued Gaussian process if it takes the form 

m 

where xi, . . . , Xm G X and {71, . . . , 7^} is a sequence of independent nor- 
malized Gaussians. The rank of ^ is defined to be the dimension of the space 
spanned by {xi, . . . , Xm}', we say that ^ has full rank if its rank is equal to 
the dimension of X. 

Suppose —00 < p < 00 and X has dimension n > —p. A linear map 
T : X — 7- M{^},fj,) is called a c-Gaussian embedding of X into Lp{0,,fj,) if 

» n 

(2.1) mr = - / E(Tx,)Y/2d/. 
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whenever ^ is an X-valued Gaussian random variable of full rank. In fact it 
can be shown quite easily that (12. ip holds for all ^ of rank greater than —p. 
It should be noted that if p < —1 it is not generally true that J |Tx|^ < oo 
for each x G X. 

It will be important for us that the existence of a Gaussian embedding in 
Lp in the case when p < is equivalent to the fact that X ^Xp according to 
the definition in f8] via positive definite functions (see (jl.ip ). One direction 
of this equivalence appears implicitly in [3] but the converse direction has 
not apparently appeared before, although it has been known for a number 
of years. 

We first need a preparatory Lemma. Let ga denote the density function 

ga{x) = (27r)-"/2a-"e~l^l'/2«', x E M" 

For y S 1" we define hy{x) = {x,y). If / € 5(M'*) we denote by Tyf the 
function Tyf{x) = f{x — y). 

Lemma 2.1. Suppose n G N and p £ 5'(M") is such that {e~^'^^'^\ p) = 
for every positive definite matrix A. Then for a > and fixed y £ M", we 
have 

{Tyga + T^y9a, p) = 0, y £ M."- . 

Proof We start with two observations about the case n = 1. First we observe 
that the map {z : Re z > 0} — )• defined by z i— )• e~^^ is analytic into 
the locally convex Frechet space 5(M). Similarly so is the map C — t- 
defined by z i-^ e~" +'2xz)/2^ From this it is easy to deduce that if -u G R" is 
a unit vector and o > then the map Ea{z){x) = ga{x)e~^°' is analytic 
for Rez > —a} . Similarly Da,ji(z)(x) = ga{x)e~^'^ is analytic on C. 
By assumption {Ea{z),p) = if z > — is real. Hence {Ea{z),p) = for 

all z with Ke z > —c?. In particular {Ei^\o),p) = for /c = 0, 1, . . . . This 
implies that {hu^\a: p) = ^ for all k. 

Now -Di^2(0)(x) = h^ga- Hence it follows that all the derivatives of p o 
Da,u{z) + po Da-u{z) Vanish at and thus {Da,u{z) + Da,~u{z),p) = for 
all z G C. In particular 

e*'(Z?a,«(^)+i?a,-«(2),/5> =0, t>0 

which implies 

{rtuga + T-tu9a, p) = 0, < t < CX). 

Thus 

{ryga + r-yga, p) = 0, y G M". 

□ 

Proposition 2.2. Suppose p < 0. Let X be a normed space of dimension 
n > —p. Then X £lp if and only if there is a Polish space fl, a a-finite Borel 
measure p on Q and a linear map T : X — )• M.{Q,,p) which is a c-Gaussian 
embedding for some c > 0. 
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Proof. First we assume that X €z Ip. Identify X with and suppose fi 
is the finite Borel measure on S^~^ given by (jl.ip . Then Lemma 3.2 of [3] 
gives that the canonical map Tx{u) = (x, u) defines a c-Gaussian embedding 
of X into Lp(5"-i,//). 

Let us prove the converse. Assume T : X — )• A^(r2,;u) is a c-Gaussian 
embedding of X into Lp{Q, jj). As usual we identify X with M" and denote 
by I • I the usual Euclidean norm. Let {ei, . . . ,e„} be the canonical basis. 
Define $ : Q ^ M" by ^>(a;) = (re/(a;))^^i. Note that \^{uj)\ > 
almost everywhere. Let d^' = \^{uj)\'Pd^] then /i' is a finite Borel measure 
on il. Let vr be the canonical retraction of M" \ {0} onto S*""^ defined by 
-7r(x) = x/|x|. We define a finite positive Borel measure v on S"""^ by 
V = c-P2§+^(r(-p/2))- V o ^"^ o vr-i. 

Suppose xi, . . . , Xn are linearly independent in X and let ^ = Yl^=i ^j^i 
be an X-valued Gaussian process. Let be the probability density function 
associated to this process. Then 

/ \\xri^{x)dx = nY.^iXi\\'' = - / (Ei^^^f)"^''^/^ 

Use the definition of the measure /i' and then of u. So the latter is equal to 

= -J (Z^x,,n^{^)fY'^d^,'{u) 

„ n 

(2.2) =2-f-ir(p/2) / {Y,{x„u)^r/^du{n) 

JS'^'^ i=i 

Now, by the definition of the Gamma function (j2.2p becomes 



/ rt-P-'e-''^U(^^'-)y^dtduiu) 
Js"-^ Jo 



oo 



-p-1 



^(tu) dt dv{u), 

where V' is the characteristic function of the process. 

Thus if P is a positive definite matrix and i/>(x) = e~'^^^'^^ then 

/"OO 

\x\\P^lj{x)dx= j rP-^ j ip{tu)dv{u)dt. 
Jo J s-^-^ 

Let us define a distribution /) G 5' by 

{p,iP) = \\x\\P7p{x)dx - i){tu) du{u) dt. 



Then p satisfies the conditions of the preceding lemma, and so we have: 
(2.3) 

/"OO /" 

\\x\\P{ga{x+y)+ga{x-y))dx = 2 I t'P'^j cos{y,tu)ga{tu)du{u)dt. 
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Now let 4> be an even test function on R". Then 

(t>*9aix)= ga{x - y)(t>{y)dy = \ (t){y){ga{x-y)+ga{x + y))dy. 

Thus, using the above equahty, equation (|2.3p and since ga{x) = e~°^\^^^l- 
we have 

4> * ga{x) dx = 

= \ I 4>{y) I MY' {9a{x - y) + ga{x + y))dx dy 

^ JR" JR" 

/"DO 

We apply Fubini's theorem to get 



<l>ky) \ t-P-^ cos{y,tu)e-^ " /^duiu)dtdy 
JO J5"-i 



oo 



75"-! 
oo 



t-P-^ I e-*''''/2 / cos{y,tu)4>iy)dydu{u)dt 



= r t-P-^ [ e-^^''^/^^{tu)du{u)dt, 
Jo Js"-'^ 

since (f) is even. Letting a — t- we get (jl.ip . □ 

Let us remark that in the above Proposition the space X need not be a 
Banach space. In other words, the existence of a Gaussian embedding of X 
into some Lp for p < 0, requires no convexity for its unit ball. 

We will not need to consider the case p = separately; this can always 
be handled by reducing to the case p < 0. We refer the reader to for a 
discussion of this case. 

The following fact is very elementary but will be used repeatedly. 

Proposition 2.3. Let X he a finite- dimensional normed space. Then the 
set of p so that X & Ip is closed. 

Proof. Suppose qis a, limit point of the set = {p : X £ Ip}. Ifq < —dim X 
then the result holds trivially by the definition of Ip. Suppose —dim X < 
q < 0; then q £ Iphy Lemma 1 of [6j. For g = a modification of Theorem 
6.4 of [4] gives the result. If g > then the fact that q € Ip is well-known 
(and follows from considerations of positive definite functions). □ 

3. Moment functions 

In this section we will discuss moment functions of positive measurable 
functions on a measure space {^,fJ.) and of random variables. 
We first record for future use: 

Proposition 3.1. Let (r2,/u) be a a— finite measure space and suppose U is 
an open subset of C^. Let : x C" — ?■ C 6e a function such that for each 
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(zi, . . . , Zn) ^ hi the map u i— ?■ (pioj, zi, . . . ,Zn) is measurable, and for each 
uj G ^} the map {zi, . . . , Zn) i— )• </>(w, zi, . . . , Zn) is holomorphic on U. Let 



^{Zi, . . . , Zn) = / \(I){UJ,ZI, . . . ,Zn)\dfl{u}), {zi, . . . , Zn) & U . 

Jn 

Assume that for every compact subset K oflA we have 

sup{$(2;i, ...,Zn): (zi, . . . , z„) G K} < oo. 

Then 

F{zi, . . . ,Zn) = / (t>{u},Zi, . . . ,Zn)dfJ.{u}) 

Jn 

defines a holomorphic function on U. 

Let us assume for the moment, merely that /i is a— finite. The distribution 
of / G Ai{Q.,iJi) is the positive Borel measure Vf on M defined by i^f{B) = 
n{oj : f{uj) G B}. If / G M{n,n) and /' G Mi^' , fj,') we write / /' if / 
and /' have the same distribution, i.e. uj = Ufi . We also write f ® f for the 
function / (g) /'(w, w') = f{bj)f'{oj') in M{Vl xO,',fix fj,'). 

We say that / G J^{Q,iJ,) is positive if ^{/ < 0} = 0. In this case uj 
restricts to a Borel measure on (0,oo), and we write / G M.^{Q,iJ,). 

Proposition 3.2. Let f G fx), and suppose f '^ is integrable for a < 

p < b. Define 

F{z) = f"^ dfi, a < Re z < b. 

Jq 

Then, F is analytic on the strip a < Re z < b and 
(i) // lim infp_5.;, < oo then 

lim F{p)= / f^dix < oo. 
p->b J 

(a) If liminf a F{p) < oo then 

lim F{p) = / f°-dfi < oo. 
p^a J 

(Hi) If F can be extended to an analytic function on (a,/3) where a < a < 
b < P then is integrable for a < p < P and 

F{z) = f dfi, a < Re z < p. 

Jn 

Proof. The fact F is analytic follows from Proposition [STTl (i) and (ii) follow 
easily from Fatou's Lemma. 

We now prove (iii). Let c be the supremum of all a < ^ < & such that 
is integrable on (a, and 

F{z) = / /^d//, a < Re z < 
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We will show that c = (3. Then a similar argument for the left-hand side of 
the interval will complete the proof. 

Assume that c < /?. The function /^X{/<1} is integrable for a < Re z < (3. 
Let 



Fq{z) = / /^dyu, a < Re z < /3. 

Let Fi{z) = F{z) - Fq{z). Then 



/ /^(log fTdn = Fl"'>{z), a < Re z < c, m = 0, 1, 2, . 

•''{/>i} 



Using Fatou's Lemma, as z — c, we see that 



r(log/)"(i/i < hminf / nXogfrd^ji = fI"'\c) 

>1} J{f>l} 



'{/>1 

and hence there exists 0<t</3 — cso that 

oo 

< r. 

It follows that 



Fi{z) = / f^dfi, a <Re z < c + T, 

which implies that 

F{z) = / /^d/i, a <Re z < c + T. 

Jn 

The latter contradicts the choice of c. □ 



We now recall the definitions and properties of some elementary random 
variables. Let 7 be a normalized Gaussian random variable. Then 7 has the 
distribution of the function /(t) = i on R with the measure (27r)~^/^e~^ 
We will use (7a:)^^ to denote a sequence of independent normalized Gaus- 
sians defined on some probability space. 

It is known that if 7 is a normalized Gaussian r.v. then for —1 < p < 00, 
E(|7|P) < 00 . We define 

(3.1) G(z) =E(|7|^), -l<Rez<oo. 
It is in fact easy to give formulae for G, 

(3.2) G{z) = ^r/'niz + l)/2) = 2'^/'^^ -l<Rez<oo 

^/^T r(z/2) 



This uses the following important formula (see [14j p. 45) 

(3.3) r(z) = ^r(z/2)r((z + i)/2), z ^ 0,-1,-2,... . 



It will be convenient to use G in later calculations. 
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We denote by ipp a normalized positive j3-stable random variable where 
< p < 1, which is characterized by 

E(e-*'^f ) = e"*", < t < oo. 

Prom the formula 

/•CO 

Jo 

and analytic continuation it is easy to deduce that 

(3.4) $^(^):=E(¥,;) = ^^, -oo<Rez<p. 

Finally, for < p < 2 we use ipp to denote a normalized symmetric 
p-stable random variable which is characterized by 

E(gitVp) = e-|t|''^ -oo < i < DO. 

It may be shown that ipp ^ ^2(^^/2 <8) 7 so that 

^p{z) = E(lV^pl^) = 2^/2$p/2(^/2)G(z), -l<Rez<p. 

Let us remark at this point that the functions G, $p and *p are superflu- 
ous in that they can each be expressed fairly easily in terms of the Gamma 
function. However it seems to us useful to keep them separate in order to 
follow some of the calculations later in the paper. 

We will need the following lemma later: 

Lemma 3.3. Let 71,..., 7^ be independent normalized Gaussian random 
variables, then if Re w > —1, Re {w + z) > —m 

Eb, r (^2 + . . . + ^2 y/2 ^ G{w)G{w + z + m-l) 
^1711 I7i+ +7mj G{w + m-l) 

Proof. It is easy to calculate 

Note that 71(71 +••• + 7^)""^^^ and (71 + • • • + 7m)"^^^ independent. 
Hence for Re w > —1 

G{w) = E(i7ir) = mini! + ■■■+ ilr-^'^ G{w+m- 1) 



' G{m - 1) 
Thus 

E(|^ir(^2 + . . . + ^2 )-W2) = G{w)G{m - 1) 

Finally, again using independence 

E|^ir(^2 + . . . + ^2 ^ G{w)G{w + z + m-l) 
^1711 I7i+ +7mJ ) G{w + m-\) 



□ 
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4. Mellin transforms and absolute norms 

Let / be a complex-valued Borel function on (0, oo). Let Jf be the set of 
a G M such that 



I t-Vit)\j<oo. 



It is known that Jf is an interval (possibly unbounded) which may be de- 
generate (a single point) or empty, li Jf we define the Mellin transform, 
of /by 



oo 

Mf{z) = I t-^-'f{t)dt, zGJf. 
Jo 

Then by Proposition 13. !( Mf is analytic on the interior of Jf (if this is 
nonempty). For the general theory of the Mellin transform we refer to [17,j. 

The following are some basic facts about the Mellin transform that will be 
used throughout this article. The first part of the Proposition is a Unique- 
ness theorem of the transformation. 

Proposition 4.1. (i) Suppose f,g are two Borel functions defined on (0, oo) 
and a G JfHJg. IfMf{a+it) = Mg{a+it) for -co < t < oo then f{t) = g{t) 
almost everywhere. 

(ii) Suppose f is a Borel function on (0, oo) Suppose E is an analytic 
function on the strip a < Re z < b and that there exist a<c<d<bso 
that {c,d) C Jf and Mf{z) = E{z) for c < Re z < d. Then {a,b) C Jf and 
Mfiz) = E{z) fora<Rez< b. 

Proof. For (i) see |17] . Theorem 4.3-4, while (ii) is a restatement of Lemma 
14.51 for the measure f(t)dt/t. □ 

Let be a normalized absolute norm on M^. Thus is a norm satisfying 
N{0,1) = N{1,0) = 1 and N{u,v) < N{s,t) whenever \u\ < \s\ and \v\ < \t\. 
We define an analytic function of two variables by 

POO 

Fn{w,z)= t-'-^N{l,t)'"+'dt, Rez<0, Re?x;<0. 

Jo 

For p < the Mellin transform of A^(l, t)^ is given by 

Mp^N{z) = Fn{p - z,z), Rc 2 < 0. 

Notice that if iV'(s,t) = N{t,s) then Fn'{w,z) = En iz,w). Thus Mp^N'{z) = 
Mp,N{p - z) for Re z < 0. 

For the special case of the ^oo— norm we define 
(4.1) 

j-OO ^ ^ 

Eoo(w,z)= t~^"Vax{l,t}"'+^(ii = , Re z < 0, Re u; < 0. 

Jo z w 

We write 

(4.2) Mp,oo{z) = , ^ Re 2 < 0. 

z[z — p) 
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The following lemma is an immediate deduction from the Mean Value 
Theorem: 

Lemma 4.2. Suppose w £ C Then: 

(4.3) 1(1 + - 1| < |w|2^"'"-4 < 22|'^lt, 0<t<l 

and 
(4.4) 

|i((l + t)"' + (l-i)"')-l| < \w\{\w\ + 1)2^'' ""-H"^ < 2^\'"\t'^, 0<t< 1/2. 
In view to Lemma 14.21 we define 

POD 

Fn{w,z)= / t-^-i(iV(l,t)"'+^ -max{l,t}"'+^)dt 
Jo 

on the region {{w,z) : Re w < 1, Re z < 1}. Then applying analytic 
continuation we have 

1 1 

Fn{w, z) = Fn{w, z) H h -. 

w z 

The following lemma is immediate, using Proposition 13.11 and equations 



Lemma 4.3. Suppose 1 < r, s < oo and N is a normalized absolute norm 
satisfying the estimates 

N{l,tY<l + Cf, 0<t<l 

and 

N{t,lY <l + Ct', 0<t<l. 

Then extends to an analytic function of{w, z) on the region S = {{w, z) : 
Re w < s, Re z < r}. 

This Lemma allows us to define F]\f{w, z) when Re w < s, Re w < r and 
w,z ^ Q. We may then extend the definition of Mp^N{z) to the case p < r 
and < Re z < p; then Mp^^ is an analytic function on this strip. 

The following proposition explains our interest in the function F^. 

Proposition 4.4. Let X and Y be two normed spaces and let Z = X®i\iY . 
If X €z X C Z and y £Y C Z with \\x\\, \\y\\ ^ then 

(4.5) / t-'-^\\x + tyr+'dt = FN{w,z)\\xr\\y\\\ Rew,Rez<0. 
Jo 

Proof. Assuming ||x||, ||y|| 7^ 0, we observe that 

/ t-'-^\\x + tyr+'dt = \\xr+' t~^-'N{l,t\\y\\/\\x\\r+'dt 
Jo Jo 



ml \\y\ 



poo 

/ t-^-^N{l,t)'"+^dt. 
Jo 



□ 
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Let us recall the Euler Beta function: 



B(w, z)= [ x^'-^fl - xY'^dx = ^(/^^^^^j Re w,Re z > 0. 
Jo T{w + z)' 

Making the substitution x = (1 + we get the alternative formula: 

POD 

(4.6) B{-w,-z)= t''-^{l + t)'"+'dt, Reu;,Rez<0. 

Jo 

Hence ii u,v > and Re w, Re z < 0, we have 

f-OO 1 

(4.7) / t-'-\aP + pH'P)^'"+'^IPdt = -a'"p'B{-w/p, -z/p). 



P 

In particular if N{s,t) = {\s\'^ + |t|'?)V9 ig the —norm we have an explicit 
formula for Fq = F/v 

(4.8) F„(w,z) = -B(-w/q,-z/q), Reu;,Rez<0. 

q 



As before we regard (j4.8p as the definition of Fq when Re w < q, Ke z < q 
and w,z ^ 0. Then for p < we can define 

(4.9) Mp,q{z) = ^Bi{z-p)/q,-z/q), Re z < 0. 

li < p < q the same definition gives an analytic function on < Re z < p. 

Lemma 4.5. Suppose 1 < r, s < oo and N is a normalized absolute norm 
satisfying the estimates 

N{l,tY<l + Cf, 0<t<l 

and 

N{t,lY <1 + C't', 0<t<l. 

Then the function {w,z) i— )• Fi\i{w,z)/F2{w,z) extends to a holomorphic 
function on the region {{w^z) : Re w < min{s,2}, Re z < min{r, 2}}. 

Thus for p < 0, 2 I— Mp^]\f(z) /Mp^2iz) extends to an analytic function on 
the strip {z : p — min{s, 2} < Re z < min{r, 2}}. 

Proof. This follows directly from the definition of F2 and Lemma 14. 2i □ 
Lemma 4.6. For Re z, Re w < and Re {w + z) > —1 we have 

1 1'°^ .-z^ln, , ,\u>+z , 11 G{W + Z)F2{W,Z) 



t-^'\\l+t\'"+^ + \l-tr^^)dt 



2 Jo ' ' G{w)G{z) ■ 

Proof. Let 

Q(u;,z) = - / t-'-\\i+tr+' + \i-tr^')dt. 

^ Jo 

Let 71,72 be two normalized independent Gaussian random variables on 
some probability space. Then by (|3.ip 

IE(|7i + t^2r^l = (1 + t^)^G{w + z) Re {w + z) > -1. 



POSITIVE DEFINITE DISTRIBUTIONS AND NORMED SPACES 

Hence using (I4.6p and (|4.8p we have 

-^-iE(|7i + i72r+") dt = G{w + z)F2{w, z). 
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r 

Jo 



Note that the function t^^^^\^i + t'y2\^~^^ is integrable on the product 
space as long as Re z,Re w < and Re {w + z) > —1. Thus we can apply 
Fubini's theorem and a change of variables t|72| = s|7i| to obtain 



G{w + z)F2{w,z) 



E 



-z-l 



71 + *72| 



w+z 



dt 



,-z-l 



l7i| + *l72| 



w+z 



+ 



l7i| - *|72| 



w+z 



dt 



=E{Q{w,z)\jinj2n. 

Then using (j3.ip the Lemma follows. 



□ 

Lemma 4.7. Let (il,^) be a a— finite measure space and suppose f,g £ 
Then ifw,z£C are such that Re w,Re z <0 and 



I Re ui _Re z 



d^ < CO 



we have 
(4.10) 



t 



-z-l 



i/r 

if+t^g'r+'df, = F2{w,z) I i/n^rd^. 



Giw + z) 



Fo(w,z) 



Ifngl'dfi. 



Further, if Re (w + z) > —1 we have 
(4.11) 

/ t-^-' / mtgr^'+if-gr-'ndf^dt 

Jo Jn G{w)G{z) 

Proof. We first use Tonelli's theorem for u = Re vj and v = Re z. Then by 
(1321) and (gSI) we have 

/ t-'-" / {f^+t'g^r+^d^l = F2{u,v) / i/rbrd/i, 

Jo Jn Jn 

where both integrals converge. Then applying Fubini's theorem we get 
()4.10p . The proof of ()4.1ip is precisely similar using Lemma l4.6i □ 



Suppose (fi, fi) is a probability space and h is a symmetric function in 
Lp{Q,fi) where p > 0. In the following Lemmas we show how to compute 
the Mellin transform of the function 1 1— )• ||1 + th\\p — max{l,t}^'. 

Lemma 4.8. Let (ri,/i) be a probability space and suppose h G A4{Q,fj,). 
Suppose — l<a<0<5<2 and that 



Let 



H{z) 



[ ilhl" + \h\'')dfl<00. 

Jn 

\h\^ dfi, a < Re z < b. 
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Then 

E{w,z)= rr'-^ [ ^(|l+t/ir+^ + |l-t/ir+^-2max{l,t|/i|r+^)(i/xfit 
Jo Jn 2 

defines a holomorphic function on the region U = {{w,z) : a < Re (w + 
z), —1 < Re w < 2, a < Re z < b} and 

X X f G(w + z)F2(w,z) 1 1\ , 

w/ien (tt;, z) £U, Re w > —1, tf, z 7^ 0. 
Proof. For t > and 2; G C, we consider 

= + tr+^ + |1 - tr+^ - 2max{l,tr+^). 

Let u = Re w, v = Re z. Then by Lemma 14.21 we have 

\ip{t, w,z)\< 23|"'+^lti-^, < i < 1/2 

and 

w,z)\< 23|«'+^lr-3, 2 < t < 00. 
For 1/2 < t < 2 we have the estimates 

|99(t,u',z)| < 2i+'^l2"+^+^ n + t;>0 

and 

\ip{t,w,z)\ < 23+H|l n + t; < 0. 

Thus if w < 2, u < 2, u + v > —1 we have a very crude estimate: 

1 1 \ ..^u.i 1 



r\ip{t,w,z)\dt < 23I-+-I f-i- + -^"j +24+H 



u + V + 1 



Now 

t~'~Wl + thr+' + |1 - t/ir+" - 2max{l,t|/i|r+^) = \h\^+'ip{t\h\,w,z) 
and so 

/ / |t-"-H|l + i^r^' + |l-i/ir^^-2max{l,t|/i|r+^)|d^dt 
Jo Jf7 

/■oo 

= i?(u) / \if{t,w,z)\dt. 



Combining these estimates shows that we have the conditions of Propo- 
sition [3TT] for the region lA and so E defines a holomorphic function on lA. 
For (w, z) gU and Re w, Re 2; < we can use Lemma 14.61 to show that 



\h\'dfi 



and 



7o in 2 G(u;)G(z) 

r t-'-^ [ max{l,t|/i|r+"t = (--- -) / \h\'d^i. 
Jo Jn w z 

Since the right-hand side of ()4.12p extends to an analytic function in U, 

([iT2|) holds for all {w, z) gU with w,z^O. □ 
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Lemma 4.9. Let be a probability space and suppose h G Ai{Q,,fi). 

Suppose — l<a<0<6<2 and that 



[ (l/l^ + |/l|^)d//<(X). 

Jn 



Then 



poo f 

Eo{w,z)= / t-^-M (max{l,t/ir+^ -max{l,tr+^)d^dt 
Jo Jn 

defines an analytic function on the region IAq = {{w,z) : a < Re [w + 
z), Re w < 0, Re z < b}. Furthermore 

(4.13) Eo{w,z) = (- + -){l-H{z)), {w,z)eUo. 

w z 

Proof. Let u = Re w and v = Re z. Then if s > we have 

fOC poo poo 

/ t-i-^|max{l,str+" -max{l,tr+^|(it < / + / r^+^di 

Jo Jl/s Jl 

~ |m| 

Hence 

r t-^-'' [ \ max{l,thr+' -ma^{l,tr+'\dtidt < ^{H{v) + 1). 
Jo Jn m 

Again Proposition 13.11 gives that Eq defines a holomorphic function on Uq. 
If in addition Re z < we can compute 

roo I- 1 1 

/ t^'-^ / max{l, thj'^+'dfxdt = -H(z)(- + -) 
Jo Jn w z 

and 

r-co r- 1 1 

/ / max{l,tr+^(i/idt = -(- + -). 
Jo Jn w z 

As before analytic continuation gives ()4.13p throughout TAq. □ 

Combining the preceding Lemmas we have the following: 

Proposition 4.10. Let (Q, /x) be a probability space and suppose h G A^(Q, ^) 
is a symmetric random variable. Suppose — l<a<0<6<2 and that 



[ ilhl" + \h\'')dfi<oo. 
Jn 



Let 

H{z) = I \hY dfj., a < Re z < b. 
Jn 

Suppose < p < b is such that H{p) = 1. Then the Mellin transform of 

1 1— )■ /q(|1 + — max{l, t}^) dfi is given by 

(4.14) 

r,-.--i f iu^,h\P /I APW G{p)M,,2{z)H{z) , p 

/ t {\l + th\'' -max{l,ty)dij,dt = —— +— r, 

Jo Jn G{p-z)G{z) z[p-z) 
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for a < Re z < min{6,p + 1}. 

Let us remark that, since ^^(0) = H(p) = 1, the right-hand side of (j4.14p 
has removable singularities at z = and z = p. 

Proof. Since the right-hand side is analytic in the strip a < Re z < min{6, p+ 
1} it follows from Proposition 14. 1 1 that it is necessary only to establish equal- 
ity for the strip p <Re z < nim{b,p + 1}. In this case — 1 < Re (p — z) < 
and so {p — z, z) £ U Ci Uq as these sets are defined in Lemmas 14.81 and 14.91 
Since h is symmetric we can rewrite the left-hand side of ()4.14p in the form 

/ r^-^ [ -{\l + th\P + \l-th\P -2max{l,t}P)dfidt. 
Jo Jn 2 

Then combining Lemmas 14.81 and 14.91 we get the conclusion. □ 

This Proposition can be extended by an approximation argument to the 
case when a = and b = p; we will not need this so we simply state the 
result: 

Proposition 4.11. Let {Q, fi) be a probability space and suppose h £ Lp{Q, fi), 
with \\h\\p = 1, where < p < 2. Let 



H{z) = / \hY dfj., a < Re z < b. 
Jn 



Suppose < p < b is such that H{p) = 1. Then the Mellin transform of 
t — )• /q |1 + th\P — max{l, t}P djjL is given by 

for < Re z < p. 

5. Embedding XQ^Y into Lp 

Proposition 5.1. Let X, Y be two non-trivial normed spaces, with dimX = 
m and dimY = n. and suppose N is a normalized absolute norm on M?. Sup- 
pose T : XcBnY — ^ is a 1-Gaussian embedding into Lp{Vl,^) where 
— {n-^m)<p<0. Suppose xi, . . . , Xn £ X and yi . . . ,ym G Y are linearly 

m n ^ 

independent, and suppose ^ = Yl Ij^j ^''^d r] = J2 Ijyj ^^^^ independent 

i=i i=i 
Gaussian processes of full rank with values in X and Y respectively. Then 

for max{— n,p} < Re z < min{0,p + m} we have: 

(5.1) (E(Tx,)^) ^ (E(T,,)^) ^'d, = ^f^E||^ir^E||,r . 

Proof. By assumption we have 

m + H\' = I {f2^Tx,f + t' Y.^Ty,fY'^dpi, t > 

.7 = 1 , = 1 
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Hence if max{—n,p} < Re z < min{0,p + m} we have 



Jo JnJo 



and both sides are integrable. Notice that, in particular, it follows that 
X]j=i(^^j)^ > and X]"=i(ryj)^ > 0, /x— almost everywhere. 

Now for real max{n, —p} < u < min{0,p + m}, using Tonelli's theorem 
and (jMl), 

poo poo 

/ t-''-^E\\C + tr]\\Pdt = E t-''-^N{^,ti]fdt 
Jo Jo 

= FN{p-u,u)EU\r^r,\r 

= FN{p-u,u)Emr''nvr, 

since ^ and tj are independent. We repeat the calculation replacing u by 
complex z and apply Fubini's theorem. Then 

/•oo 

Jo 

for max{— n,p} < Re z < min{0,p + m}. Hence (first for real z, using 
Tonelli's theorem and then for the general case), by Lemma 14.71 we get 

Mp,^(z)E|ier-^E||r?r = 

= M,4z) / (£{Tx,f) ' (J2(^y,fydfi, 
■'^ i=i j=i 

which proves (jS.ip . □ 

We shall say that an embedding T : X — >• A^(Q, //) is isotropic if Tx ~ Tx' 
whenever ||x|| = ||x'|| = 1. We will say that it is /—isotropic if / is a Borel 
function on some a— finite Polish measure space {K, u) and Tx ~ / for every 
X & X with ||x|| = 1. For < p < 2, T is a p-stable embedding if Tx ~ 
whenever ||x|| = 1. If X embeds into Lp then there is a p-stable embedding 
of X into A1(r2,/x), where is a probability measure. 

Proposition 5.2. Let X, Y be two normed spaces, with dimX = m and 
dimY = n, and suppose N is a normalized absolute norm on E?. Suppose 
T : X (Bn y ^ -Mi^, IJ') is a p-stable embedding where p > 0. Then for any 
nonzero x G X and y GY and —l<Re{w + z)<Rew,Rez<0, we have 

f Fn(w,z)G(w)G(z)<^>„/^((w + z)/2) 
(5.2) / \TxnTy\^dfi= ' ^ ^ ^ ^ ^/^^^ ^ ||y||^ 

Proof. If / G X e AT y we have 

/ \Tf\'df, = ^p{z)\\fr, Rez>-1. 
Jn 
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Now consider £, = jix and r/ = 72?/ where 71, 72 are normalized independent 
Gaussian random variables. Then 



e[ \T^ + tTr]\'dfi = ^p{z)EU + tr]\\' 
Jn 



If —1 < Re (w + z) < Re w,Ke z < 0, then by Fubini's theorem, Proposition 
I4.4l and (j3.2p (first for real w, z using Tonelli's theorem as in Proposition [HT]), 
we have that 



00 roo 



t-'-^EU + tr]\r+'dt = J t-'-^EN{^,tr])'^+'dt 

= FM{w,z)Eu\rnvr 

(5.3) =FN{w,z)G{w)G{z)\\x\r\\y\\ 
On the other hand, 71,72 are Gaussian r.v. 



poo p 

/ t'^-'^E / \T( + tT7]r+'dfidt 
Jo Jn 



00 



= G{w + z) / t-'-^{{Txf + t^{TyfYl'^dtd^Ji 
Jn Jo 

and by Lemma 14.71 the latter is equal to 

(5.4) =G{w + z)F2{w,z) [ \Txr\Ty\' dfi. 

Jn 

Then equation (|5.2p follows from (j5.3p . (|5.4p and the fact that ^'^(-z) = 
%/2iz/2)Giz). □ 

Theorem 5.3. LetX,Y be two non-trivial finite dimensional normed spaces 
with dimensions m and n respectively. Suppose that — (n + m) < p < 1 < 
r,s < 2 and that N is a normalized absolute norm on satisfying estimates 
of the type 

(5.5) N{l,tY<l + Gf, t>0, 
and 

(5.6) N{t,iy <1 + G'f, t>0. 

If XQnY G Ip then X £ Iq whenever p — r < q < mm{s,p + n} and Y £ Iq 
whenever p — s < q < min{r,p + m} 

Proof. It suffices to consider the case of Y and to prove the result if p — s < 
q < min{r,p + m}. Then the limiting case follows by Proposition 12.31 We 
will treat the cases p < 0, p = and < p < 1 separately. 

Case 1: Let p < 0. The space X^BnY embeds into Lp so we can consider 
a 1-Gaussian embedding T : X ©tv Y Lp{Q,iJ,). By Proposition 15.11 for 
any linearly independent sets xi, . . . , Xm G X and yi, . . . ,yn G Y equation 
(15. ip holds in the strip max{— n,p} < Re z < m.m{p + m, 0}. However 
by Lemma 14.51 the function Mp^^iz) / Mp^2{z) can be analytically continued 
to the strip p — s < Re z < r. Thus the right-hand side of (15. ip can be 
analytically continued to the strip max{p — s,—n} < Re z < min{r,p + 



POSITIVE DEFINITE DISTRIBUTIONS AND NORMED SPACES 



19 



m}. By Proposition 13.21 this implies that ()5.ip holds (and both sides are 
integrable) in the strip max{p — s, —n} < Re z < min{r,p + m}. If max{p — 
s, —n} < q < mm{r,p + m} and g 7^ 0, we fix some ^ so that E||,^||p~'^ = 1. 
Let / = (E"Li(Tx,)2)i/2. Then 



«-ii,ii-X<|:(T«)^)-/"... 



In particular M2^n{q) cannot vanish and T is a Gaussian embedding of Y 
into Lq{fP-idn).' 

If g = we note that our proof yields Y G for sufficiently small e > 
and so y G Iq. 

It follows that Y £ Iq for p — s < q < min(r,p + m). (Our convention 
implies Y € Iq ii q < —n.) 

Case 2: Let p = 0. In this case X ©at Y £ Ip for all p < and the result 
follows from Case 1. 

Case 3: Now we assume that < p < 1. Again we prove the result for Y. 
If m > 2 then X ©at T e Xq ([1] and [8])and by Case 2 we have that Y £ X^- 
Thus we only consider the case m = 1. Suppose that X (Bn Y embeds into 
via a p-stable embedding T. We fix x € X with ||x|| = 1 and 
p < q < min{p + 1, r}; let / = \Tx\. Fix a > so that q + a < p + 1. Then 
< a < 1 and so by ()5.2p we have 
(5.7) 

1^ I.,a-i , _ F^ja - 1, z)G{a - l)Giz)%/2i{z + a - l)/2) „ 
\^y\ I ai^- F2{a-l,z) ' 

where y £ Y, as long as —a < Re z < 0. However F/v(a — 1, z)/F2{a — 1, z) 
can be analytically continued to the half-plane Re z < r (by Lemma I4.5p . 
We also have that ^{{z + a — l)/2) can be analytically continued to the 
half-plane Re z < p + 1 — a. Hence the right-hand side can be analytically 
continued to the strip — 1 < Re z < min(r, p + 1 — a). By Lemma 13.21 this 
means that the left-hand side of ()5.7p is integrable and equality holds for 
— 1 < Re z < min{r,p + 1 — a}. In particular 

|Tyrr-'d/z = c||yr, y£Y 

where c is a positive constant. This implies the result, since Y G Iq whenever 
p < q. □ 

The next result is known; it follows from Koldobsky's Second Derivative 
test (Theorem 4.19 of [10]; see also 0). 

Theorem 5.4. Let N be a normalized absolute norm on M? such that 

, iV(l,t)-l 
lim ^ 'J = 0. 

t^o t^ 

Then if —00 < p < and X ©at ]R embeds into Lp we have dim X < 2 — p. 
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Note that the result of Theorem 15.41 can be extended for p E (—00, 2). 
Here, we present only the proof for p < 0. 

Proof, first we observe that Mp^i^{z) / Mp^2{z) extends to an analytic function 
on —p — 1 < Re z <2 and that 

(5.8) hm = 0. 

To see (15. Sh we note that by definition, for < r < 2 we have 

1 1 1"^ 

MNp{r) = + / t-^-''{N{l,t)'P -max{l,tY)dt. 

r p-r Jq 

Fix any < e < 1 and let 

N{i,tr-i 

= o(e) = sup K . 

t<e i 

Then 

5 



< 



It follows that 

(5.9) limsup(2 - r)Mp.Ar(r) < 5. 

r->-2 

Since lim^^o6{e) = we obtain (j5.8p . 

Now suppose m = dim X > 2 — p and assume T : X ©at ^ — ^ //) 
is a 1-Gaussian embedding into Lp{0,,ij,), where dim Y = 1. Let us fix ^ = 
Y^jLilj^jj X- valued Gaussian process of full rank and rj = 7'y where 

m 

y £ Y has norm one and 7' is a Gaussian r.v. Then, if / = (X] i'^^j)'^)^^'^ 
and g = \Ty\, by Proposition 15 . 1 1 we have 

for max{ — l,p} < Re z < 0. The right-hand side can be analytically contin- 
ued to max{—l,p} < Re z < 2. By equation ()5.9p we have 

hm / {g/f Yrdf, = 

which by Proposition 13.21 implies 

/ g'r-'df, = 
Jn 

and this gives a contradiction. □ 
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6. Examples 

We begin this section with some technical results which will be needed 
later. 

Lemma 6.1. Let X he a finite- dimensional normed space and suppose 
? = Yl^LiljXj ^■^ fl'^ X -valued Gaussian process, where {71,..., 7n} a'^e 
independent normalized Gaussian random variables and each xj 7^ 0. Then 
given —n <u <0 there is a constant C = C(^,n) so that 

IE||x + eir<C, xGX. 

Proof. We consider the case when ^ is normalized so that E||,^||" = 1. Let E 
be the linear span of {xi, . . . and let P be a projection of X onto E. 
Then 

E||a; + eir < ii-pir"E||Px + eir. 

On E the distribution fi^ is dominated by CqA, where Co is a constant 
depending on ^ and A is the Lebesgue measure on E. Hence 

E\\Px + (r<Co[ lie - Px||"(iA(e) + 1 

J||e-Pa;||<l 

and this is uniformly bounded. □ 

Lemma 6.2. Let Z = X (B Y be a finite- dimensional normed space with 
dim X = m and dim Y = n. Suppose S, is a Z-valued Gaussian process of 
full rank. LetS,x^iY be the projections of ^ onto X andY respectively. Then 

(6.1) E||^xirilCy|r < 00, -m<u,-n<v. 

Proof. Note that and are not necessarily independent. However 
and are of full rank in X and Y respectively. 

If either u = or u = the Lemma holds trivially. If either u > or 
v > we may use Holder's inequality. Suppose > 0. Pick a > 1 so that 
au > —m and then suppose 1/a + 1/6 = 1. Then 

Eii^xinievir < (E|ievr")'/"(E|ieyii'")'/' < oo. 

Now suppose u,v < 0. We can write ^ in the form 

m+n 

where yj = for n + l<j<m + n. Let Eq be the conditional expectation 
onto the fi— algebra S generated by {71, . . . , 7„}. Then is S— measurable. 
Then, by Lemma IG.I) since has rank m, there is a constant C 

Eoiicxinieyir = iieyirEoiicxir < ciievir 

and so ()6.ip holds. □ 
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Lemma 6.3. Suppose 1 < p < 2. There exists a positive random variable h 
with 

or 

Gip-l)%/2{z/2) 

J_ 

2p 



Proof. Consider / Vi/p- Then by dST 

E(/-) = |M Re , < 2. 

T{-z/2p) 

If / is defined on some probability space (il,P) then we can consider / as a 
random variable with respect to a new probability measure 

If we denote by g this random variable we have 

Let h M 2^/'Pf ® g. Then for Re z <2 and by using (I3.3P we have 
pr(l/2) V{-z/2)T{{p-z)/2) 



2r(p/2) 2-i-^/pr(-z/2p)r((p - z)/2p) 

p T{-z/2)T{{p-z)/2) 



2T{p/2) n-z/p) 
The second equation follows immediately from (j3.2p and (j3.4p . □ 



Lemma 6.4. Suppose m G N, and {p, g, r} are suc/i i/iai g > and p + m < 
q < r < 2. There exists a positive random variable g = g{m,p, q, r) such that 

2»/2O(p + m-l-2)4>,/2(2/2)4.,y2((p-0)/2) 
"^'"'^ 0(p + m-l).l..,,,W2).^„,(./2) P-r<Re^<p. 

Here we adopt the convention that ^i{z) = 1. 

Proof. We first use Lemma 16.31 to find a positive random variable /i such 
that 

2'/^G{q-l-z) 
G{Q-^)^q/2{z/2) 

Now, if p + m < g we let /2 to be distributed as with respect to the 

Beta distribution 

t{p+m)/2-l(l _ ^){g-p-m)/2-l 

~ B{{p + m)/2,{q-p- m) /2) 
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on [0, 1]. Then 

E(n- r((p + m-z)/2)r(g/2) z < « + m 

^ ~ m - z)/mip + m)/2) ' R« - < P + 

and using (|3.2p the latter can be rewritten as 

G{p + m-l-z)G{q-l) ^ / ^ 

IE 72 = 777 777r~^ TT' Rez<p + m. 

G[q — 1 — z)G{p + m — 1) 

1/2 

We write /2 = 1 if p + m = g. If r < 2 we define /s 99^^2 so that 

nfi) = ^r/2(^/2), Re z < r. 

If r = 2 we set /a = 1. If /s is defined on some probabihty space {K,¥) we 
define /4 as the random variable with respect to the measure /g (iP/E(/3 ) 
so that /4 = 1 if r = 2. If r < 2 we have 

^(f'i) = — i — rW\ ' p-r<Rez. 

We let 5 ~ /i ® /2 ® /s » /4. □ 

Lemma 6.5. Suppose m G N, and {p, q, r} are such that q > and p + m < 
q < r < 2. Suppose Y € Iq. Then there is an h-isotropic embedding of Y 
into A4(Q,fi) where is a probability space where h is symmetric and 

^ 2-/2G(p + m - 1 - z)G{z)^,/,{z/2)<^,/^{ip - z)/2) 

^1 I > G{p + m-l)^r/2{p/2) 

for —l<Rez<p + m. 

Proof. Since Y G Ig there is a "isotropic embedding 5 of y into some 
fii) (where (r2i,/ii) is a probability measure space). Let Ty = 
2~^^'^gSy where g is independent of S(Y) and distributed as in Lemma 
16. 4[ Then T is a /i-isotropic embedding where h is symmetric and 

E{\hn = 2~'/^^g{z)Eig') = $,/2(^/2)G(z)E((7^) -l<Rez<p + m. 

□ 

Let us remark that the case p = 0, m = 1 and r = 2 gives E{\h\^) = 
2^/'^G{z)G{—z) which means that h is symmetric 1-stable, i.e. has the 
Cauchy distribution. 

Theorem 6.6. Suppose 1 < q,r < 2. Suppose X = and Y E Xq. If 

p < q — m then X (BrY G Ip. 

Proof. It is enough to consider the case p + m > 0. Also, the result holds 
trivially if r < g since then X (BrY £ 1^ C 2p. So we may also assume that 
r > q. Hence p — r<q — 1 — r< —1. 

We treat three separate cases as p > 0, p < or p = 0. 
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Case 1: Let p > 0. In this case we have m = 1 and identify X with M. In 
view to Lemma [6. 5 1 we construct an /i-isotropic embedding S :Y ^ A^(0, /x) 
where h is symmetric and 

Gip- z)Giz)^^i2{z/2)^,./Mp- z)l2) 
(6.2) H{z) := nW) = //9 ^ 

G(p)^r/2(p/2) 

for —1 < Re z < p + 1. It is important to observe that H{p) = 1 and 

,„ „, , G(p - z)G(z)M.,A=) 

"^'^ = 0(P)M,.(.) 

for — 1 < Re z < p + 1. 

We define T : R^rY ^ M{n, fi) hy T{a, y) = a + Sy. To verify that T 
is a standard isometry we only need to show (considering h as a function on 

(6.4) / \l + th\Pdfi= {l+ff/"-, 0<t<oo. 

Jn 

To estabhshEillwe call Proposition 14.101 By (I4.14j) and (fOI) we have 

Ht-'-^ [ {\1 + th\P - mm{l, t}P) dfidt = Mp^r{z) + , ^ . 
Jo Jn ' [P- z)z 

for —1 < Re z < p + 1. 

On the other hand, by (021), and gS]) 

/•oo 

/ t-'-\{l + - max{l, dt = Friw, z) - F^oiw, z), 

Jo 

for Re w, Re z < and by analytic continuation this holds (and the right- 
hand side is holomorphic) for Re w, Re z < r. Thus using (j4.2p 



roo 

/ t-'-\{l + f )r -max{l,t}P)dt = M„r{z)+ , < Re z < p 

Jo ' 2;(p - z) 

and by the uniqueness property of the Mellin transform, Proposition 14.11 we 
conclude that 



j \l + th\P d^i={l + f)P'\ 0<t< 



oo 



which proves the Theorem for p > 0. 

Case 2: Let p < and let dim Y = n. This is quite similar but now 
we deal with Gaussian embeddings rather than standard embeddings. First 
we note that there is an /-isotropic embedding of ff^ into 7W(0,/i), where 
(fi, /i) is a probability measure space and / is symmetric with 

\fV dlJ' = ^^^r~r~ — TV' -m < Re z < oo. 
G(z + m — 1) 

Indeed let {71, ... ,7m} be independent normalized Gaussian random vari- 
ables and let 

^ _ am H h Qm7m 

it:iai,...,amj- (^2 + ...^^2^^1/2- 
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We now use Lemma [3.31 We consider h = h{m,p,q,r) as in Lemma [67 
Then 

rrf. ._ 1..,, _ G{p + m-l- z)G{z)<^^/,{z/2)^,./,{{p - z)/2) 
^ ^' ' G{p + m-m./,ip/2) 

for -1 < Re z < p + m. Note that by (f^ and dM]) 

H-r ^ _ + "T- - 1 - ^:)G'(z)fi (p - z, z) 
^^■^^ G{p + m-l)F2ip-z,z) ■ 

We may then suppose that S :Y ^ fi) is an /i-isotropic embedding 

such that R{X) and S(Y) are independent. Finahy we define T : X (BrY ^ 
Min,f,) by 

T{x + y) = 9{Rx + Sy) 
where ^ > is chosen so that 

^ G{p + m- 1) 
G(m-l) ■ 

We will show that T is a 1-Gaussian embedding. To do this we suppose that ^ 
is an X©f.y— valued Gaussian process of full rank. Let P : X(BrY — t- X and 
Q : X (BrY ^ Y i>G the natural projections onto X and Y respectively. Let 
= and = Q^. Then has full rank on X and on y. Li particular 
we can write ^ = '^Y=n^j + ^jO^i where yj = for n + 1 < j < m + n, by 
choosing an appropriate basis of Gaussian random variables. 
For < s < t we have 

mx + t^rr < mx + r < (.s/trEUx + t^rr, 

So, the function 1 1— )■ E||^x + i'^yp is continuous on (0,oo). 

Similarly since has full rank, {x^+i, . . . , Xm+n} form a basis of X. This 
implies 

m+n 

l-Rxjp > > a.e. 

j=n+l 

and thus, since p < 

m+n 

|r(x,+ty,-)Pr/'<cP a.e. 

We now may conclude, by the Lebesgue Dominated Convergence Theorem, 
that the map 

„ m+n 

/ {^\T{x,+tyj)\'r/'df^ 
is also continuous on (0, cxd). We will show that 

„ m+n 

(6.6) {y^\T{xj+tyj)fr/'dfi = EUx+t^Yr, 0<t<oo 

Jn ^.=1 
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by computing the Mellin transform of the left and the right-side of the 
equality. 

By Lemma 16.21 we have 

(6.7) E||^x|ri|Cy|r < oo, -m<u, -n<v. 

Suppose X € X and y GY are non-zero. Then for —1/2 < u, v < we 
use Lemma H77l to compute: 

/ / t-i-^|r(x + t?/)r+"(i/idt = 

■70 JO. 

t-^-^(|Tx + try|"+^ + \Tx - tTy\''+'') dtdn 



n Jo 



G{u + v)F2{u,v) 



\Tx\''\Ty\'' dfi. 



G{u)G{v) 

Then by the definition of T, equation (|6.5p and Lemma 13.31 the latter is 
equal to 

^ ' G{u + m - l)G{v) ^" 
The calculation can then be repeated for —1/2 < Re id, Re < to give 

/ t-'-^\T{x + ty)r+'dfidt 

^ ' G{w + m-l)G(z) " 

Again calculating first with real n, v, using Tonelli's theorem and since 
{'fi} are Gaussian r.v. we may compute the following integral for —1/2 < 
Re z, Ke w < 0, 

Jo Jn ■ ^ 



' -E 



G{w + z 

Then by Lemma 14.61 using (j6.7p we have 



Jo Jn I 



m+n m+n 



_^ J^+^F2iw,z)Hiz) ^i „ ^ , ^ , 
^ ' G{w + m - l)G{z) I " ^ ^" " ^ '^^^^ 



(6.8) ^G(™-i)pfM-iffi!lE(feriiJH 

G(tf + m — l)G(z) 



Now the right-hand side of (j6.8p extends to be holomorphic when —n < 
Re z < and —m < Re w < 0. Using Proposition 14.51 (twice) one obtains 



/"OO n m-\-n 

Jo Jn ■ 
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that 

/•CO f m,-\-n 

Jo Jn -^^ 

when — m < u < and —n < w < 0. This in turn means that the function 

m+n 

Jo Jn 

is holomorphic for —m< Re w < and —n< Re z < 0. Thus we have 

/"OO /• m+n 

Jo Jn -^^ 

^G(»-i)|=iMiEii&iriifrr 

G[z)G{w + m — 1) 

whenever —m < Re u; < and —n < Re z < 0. In particular by (|6.5|) we 
have that for max{— < Re z < 

(6.9) / t-^-i / (V(T(x,+ty,))Y/'d^di = Mp,,(z)E||Cxiriieyr- 
JO Jn -^^ 

On the other hand for —1/2 < Re w, Re z < 0, using (|4.8|) we get that 

/•oo poo 

/ t-^-'EUx+tcYr+'dt = K t-'-\ux\\'' +mY\n^'"'"^^'^dt 

= Fr{w,z)EUxruYr. 

As before these calculations should be done first for real w,z to justify 
the use of Fubini's theorem. Since the right-hand side is holomorphic for 
—m < Re w < and —n < Re z < 0, we again use Proposition 14. 51 to derive 
equality for (w, z) in the larger region. Hence the Mellin transform of the 
right-side of (j6.6p is 



/•oo 

(6.10) / t-^-'EUx+tivrdt = Mj,4z)EUx\r'UYr, 

Jo 

for max{— n,p} < Re z < 0. Comparing ()6.9p and (|6.10p we get ()6.6p . In 
particular 

„ m+n 

mr= / {Y.\T{x,+y,)\'r/'dn, 
Jn ,=1 

which implies that T is a 1-gaussian embedding. 

Case 3: When p = the result follows by showing that each space embeds 
into Lp for every p < 0. □ 

The particular case p = with r = 2 also follows if we consider Proposi- 
tion 6.6 of m. 
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Theorem 6.7. For any — oo < p < 2 and any n > 3—p there exists a normed 
space X of dimension n such that X ^ Xg whenever s < p and X ^ Ig 
whenever s > p. We may take X = l\ '^+\p\ yjfigre q = 1 + p — [p] 

and q < r < 2. 

Proof. If 1 < p < 2 then q = p and X = i^. Then by [8] we have that X & Ig 
only if s < p (see also the Introduction). 

Let p < 1. Then by Theorem 16.61 if s < p then X £ Ig, since q = m + p. 
Conversely, we suppose that X £ Ig. If n = 1 there is nothing to prove, 
so we may assume that n > 2. Then n — 1 + [p] > 2 — p + [p] > 1. By 

Theorem 15.31 ig ^^^^^ G X^, where a < min{r,s + 1 — [p]}- But q < r so 
iq '^^^^'^ G Ig^i^[p]. Consequently, s+l—[p] < l+p—[p] which implies that 
s < p. □ 
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